Abstract. An exponential quintic spline technique at mid knots is developed for approximating the solution of system of fourth order boundary value problems associated with obstacle, unilateral and contact problems. The present technique gives a class of methods of order two, four and six. Two numerical examples are considered for the numerical illustration of the proposed method. It is shown that the method developed in this paper is more efficient than the other finite difference, collocation and spline methods.
Introduction
We consider the system of fourth order two point boundary value problem of the form u (4) 
along with the following boundary conditions
where f (x) and (x) are continuous functions on [a, b] and [c, d] respectively and A 1 , A 2 , B 1 and B 2 are finite real constants. The mathematical formulation of the obstacle, unilateral, contact and equilibrium problems arising in the field of elasticity, structural analysis, transportation science, economics and optimization results in the form of system (1)-(3). Kikuchi and Oden [15] proved that the problem of equilibrium of linearly elastic bodies in contact with a rigid frictionless foundation can be studied in the framework of variational inequalities. The general variational inequalities can be solved by penalty function and projection function methods [1-2, 6, 8-10, 15-16, 22] . Penalty function methods and Projection function methods are not very efficient, due to the instability created in the penalty function and the difficulty to find the projections in the projection function methods. In general, it is not possible to obtain the analytical solution of system (1)-(3) for arbitrary choices of f (x) and (x) . Siraj-ul-Islam et al. [12] proposed a quartic non-polynomial spline solution of a system of fourth order boundary value problem at mid knots. In order to develop numerical methods for obtaining smooth, approximate solution of system of fourth order boundary value problem, we apply non-polynomial spline which has the polynomial and exponential parts. Zahra [24, 25] studied such kind of exponential spline for nonlinear fourth order two point boundary value problems. It belongs to quintic non-polynomial spline function space:
, e −(kx) }, where, k is the frequency of exponential part of the spline function which can be real or pure imaginary and will be used to raise the accuracy of the method.
In the present investigation, we have used exponential quintic spline function to develop the new numerical method for the solution of system (1)- (3). The advantage of the new method is its higher accuracy than the other known methods. In Section 2, exponential spline function is presented. Section 3 describes the numerical method and truncation errors. Section 4 is devoted to the matrix formulation of the method and in Section 5, we discuss the applications and Section 6 deals with the numerical illustration of the method which shows that our method is more efficient than other known methods.
Exponential quintic spline function
To develop this method, mesh points are taken at off-step points. This approach reduces the error in the solution around the points where the solution satisfies extra continuity conditions. The interval [a, b] is divided into N + 1 subintervals, s.t. 
.
For each of its segment the exponential quintic spline function P i (x) has the form:
where a i , b i , c i , d i , e i , and f i , are constants and k is the free parameter which can be real or purely imaginary. Equation (5) reduces to quintic spline in [a, b] when k → 0 as given in equation (4) . Let u(x) be the exact solution of system (1)- (3) and let S i be an approximation to u i = u(x i ) obtained by a segment P i (x) passing through (x i , S i ) and (x i+1 , S i+1 ) with
To derive the expressions for the coefficients in Equation (5), in terms of the function values u i−1/2 , u i+1/2 and second and fourth order spline derivatives, we define
From algebraic manipulations, we get the following expressions:
Numerical method
Now, substituting u (9), we obtain N − 4 linear algebraic equations in N unknowns, u i−1/2 , i = 1, 2, . . . , N as :
To obtain the unique solution of system (10), we need four more equations, two at each end of the range of integration for direct computation of u i−1/2 , i = 1, 2, . . . , N. These boundary equations are obtained by Taylor series and the method of undetermined coefficients. The boundary equations associated with boundary conditions can be determined as follows:
where t 1 , t 2 , t N−1 and t N are local truncation errors associated with the boundary conditions (11)- (14) . The local truncation error t i , associated with the scheme (10) is given by
Now the scheme (10)- (14) gives rise to the class of methods of different orders as follows:
For any choice of arbitrary α and β with γ = 1 − 2(α + β) , and 
(II) Fourth Order Method
For arbitrary α and β = 1−24α 6
with γ = 1 − 2(α + β) , and 
(III) Sixth Order Method
For (α, β, γ) = 1 720 (−1, 124, 474) and ).
Then local truncation errors are
Remarks:
1. When (α, β, γ) → 
Spline solutions
The scheme (10) along with the boundary conditions (11) - (14) gives rise to a linear system of order NXN and may be written in the matrix form as
where, and
where,
0, elsewhere.
Applications
Problem (1) along with the boundary conditions (2) - (3) can be studied under the framework of variational inequalities. Al-Said and Noor [4] considered, the linear fourth order boundary value problem describing the equilibrium configuration of an elastic beam, pulled at the ends and lying over an elastic obstacle of constant height 1/4 and unit rigidity of the type,
where, f is the given force acting on the beam string and ψ(x) is the obstacle function. We study the variational inequality formulation of the problem (5.1). For this, we define the set K as
which is a closed convex set in H (Ω) is a Sobolev space [8, 10, 15] , which is basically a Hilbert space. Now, from Kikuchi and Oden technique [15] , we can show that the energy functional associated with the obstacle problem (15) is
where
and
It can be proved that the form a (17) is bilinear, positive and symmetric. Also, the functional f defined by (18) (Ω) can be characterized by the variational inequality [8, 10, 15] 
Hence, the obstacle problem (15) is equivalent to solving the variational inequality problem (19) . This equivalence has been used to study the existence of a unique solution of (15); see for example Ref. [8, 10] .We can rewrite problem (19) using Lewy and Stampacchia technique [16] ,
where ϵ , is a small positive constant and ψ is the obstacle function and µ(t) is the penalty function defined by,
(5.9) Equation (19) describes the equilibrium configuration of an elastic beam, pulled at the ends and lying over an elastic obstacle of constant height 1/4. Since the obstacle function ψ is known, it is possible to find the exact solution of the problem in the interval − We assume that the obstacle function ψ is defined by
From equation (19) - (22), the following system of equations can be obtained as
with the following boundary conditions 
Numerical illustrations
We have implemented our method on two examples of the system of fourth order boundary value problems and the maximum absolute error is listed in Tables 1-3 . We also compared our results with the existing methods in the references [2-5, 13, 14, 17, 20-22] 
with the boundary conditions
The analytical solution of this problem is
,
This was solved by Al-said and Noor [2] using finite difference scheme based on h 4 u
and Khalifa and Noor [13] using collocation method with quintic B-spline as basis function. It is clear from the tables 1-3 that our methods are better than the other existing methods. The results of our methods are better than those of 12th order method of Al-said and Noor [3] 
